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Abstract
We consider primitive subgroups G of the symmetric group Sn, and the sizes of their orbits on
subsets X of {1, . . . , n} as n → ∞. We prove a detailed result from which it follows that if the
orbits of all large subsets X (with |X|  n/2) are large then G = An or Sn. Our proof invokes
the classification of finite simple groups. Questions of this type arise in the study of the threshold
behavior of monotone boolean functions.
 2005 Elsevier Inc. All rights reserved.
1. Introduction
Let G be a finite group acting transitively on a set Ω . We consider the action of G on
P(Ω), the set of all subsets of Ω . An element g of G acts on a subset X of Ω by applying
g to every element of X. We are interested in the sizes of the orbits G(X) of G in this
action on the subsets X.
Consider the following examples.
✩ Research partially supported by the Bi-National Science Foundation United States–Israel Grant 2000-053,
and by the Israel Science Foundation.
* Corresponding author.
E-mail address: shalev@math.huji.ac.il (A. Shalev).
0021-8693/$ – see front matter  2005 Elsevier Inc. All rights reserved.
doi:10.1016/j.jalgebra.2005.02.008
C. Benbenisty, A. Shalev / Journal of Algebra 287 (2005) 310–318 311(1) Let G be An or Sn acting on Ω = {1, . . . , n} (n 3). Clearly G acts transitively on
the set of all subsets of Ω of size k for any k, and therefore the size of the orbit of any
subset X of size k is
(
n
k
)
.
(2) Let G be any permutation group on Ω = {1, . . . , n} and let X ⊆ Ω . Since |G(X)|(
n
|X|
)
it is clear that if |X| or n − |X| are bounded, then, as n → ∞, |G(X)| is bounded by
some fixed polynomial in n.
(3) Let G be the affine group AGL(k, q) acting on the linear space V = Fqk . Here
n = |V | = qk . Let X be any subspace of V of co-dimension 1. Then, as n tends to infinity,
|X| and n − |X| are not bounded, and the orbit G(X) consists of all affine subspaces of
co-dimension 1 in V . Therefore |G(X)| = q(qk − 1)/(q − 1)  2n, so the orbit of X is
polynomially bounded in terms of n.
For a subset X of {1, . . . , n} we say that |X| is co-bounded if n − |X| is bounded. Note
that in the first example, whenever |X| is not bounded or co-bounded, then the size of
the orbit of X is not polynomial in n, whereas in Example 3 above we actually found (as
n → ∞) a sequence of subsets X which are neither bounded nor co-bounded such that
|G(X)| is polynomial in n.
We shall prove that in fact this is not a coincidence. Indeed, it follows from the The-
orem below, that for every sequence of primitive subgroups Gn ⊂ Sn with Gn = An,Sn
(n → ∞), there exists a sequence of subsets Xn ⊂ {1, . . . , n} which are neither bounded
nor co-bounded whose orbit Gn(Xn) is of polynomial size. This answers a question posed
by Gil Kalai.
The asymptotic behavior of orbits of subsets which are neither bounded nor co-bounded
has its origin in the field of threshold phenomena. Consider monotone boolean functions
f : {0,1}n → {0,1} which are invariant under some transitive group G acting on the set
{1, . . . , n}. The action is by permuting all n coordinates of the argument of f . Denote by
µp(f ) the probability that f (x1, . . . , xn) = 1 when xi = 1 with probability p indepen-
dently for i = 1, . . . , n. The function µp(f ) is monotone and if we fix a small real ε > 0
the threshold interval is the interval [p1,p2] such that µp1(f ) = ε and µp2(f ) = 1 − ε. To
say that the threshold is sharp means that p2 − p1 is small, i.e., µp(f ) jumps from near 0
to near 1 in a short interval. Interesting results of Kalai, Bourgain and Friedgut show that
if G satisfies the condition that the orbits of “large” subsets are “large,” then the thresh-
old is sharp (see [1,5]). An important case is that of random graphs on m vertices (where
n = (m2)).
This paper focuses on the case where large subsets have large orbits, namely, the size
of the orbits of subsets which are neither bounded nor co-bounded is not polynomial. In
fact, our main result is stronger, since under weaker assumptions we already conclude that
G = Sn or An.
Theorem. Let n > 276 be a natural number. Suppose G  Sn is primitive and satisfies
|G(X)| 2n2 for all subsets X of {1, . . . , n} such that √n |X| n−√n. Then G = An
or Sn.
In particular, the property that |G(X)| 2n2 for all X of size between 3 and n/2 char-
acterizes the groups An and Sn (for large n).
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between
√
n and n−√n: either some of these orbits are “very small” or they are all “very
large.” Indeed the following is an immediate consequence of the Theorem.
Corollary. Let G Sn (n > 276) be a primitive subgroup. Then the following conditions
are equivalent:
(i) |G(X)| 2n2 for all subsets X with √n |X| n/2.
(ii) |G(X)| ( n[√n]) for all subsets X with √n |X| n/2.
(iii) |G(X)| 2n2 for all subsets X with 3 |X| n/2.
(iv) |G(X)| = ( n|X|) for all subsets X.
2. Proof of the Theorem
Let G Sn be a primitive group. The proof of the Theorem will be carried out in several
stages.
Stage 1. If G satisfies the assumptions of the Theorem then G is 2-transitive.
To show this, let H be a point stabilizer, and let 1 = n1  n2  · · · nr be the subde-
grees of G, namely, the sizes of the orbits of H in its action on the set {1, . . . , n}. By [4,
Lemma 3.2B] we have
ni+1  ni(n2 − 1) for 2 i  r − 1. (1)
We need the following lemma.
Lemma 1. Let G Sn (n 10) be a primitive subgroup, and let H be a point stabilizer.
Suppose G is not 2-transitive. Then there exists an H -invariant subset X of {1, . . . , n} such
that
√
n |X| n − √n.
Proof. Let 1 = n1  n2  · · · nr be the sizes of the orbits of H . Note that since G is not
2-transitive we have r  3. Assume first that ni 
√
n for all 1 i  r . Let i be the minimal
index such that ni + · · · + nr √n. Then √n < ni−1 + ni + · · · + nr  2√n < n − √n.
The conclusion follows in this case by taking X to be the union of the orbits of H of sizes
ni−1, ni, . . . , nr .
Assume now that there exists some i such that ni >
√
n. If
√
n < n2  n−√n then we
are done, taking X to be an H -orbit of size n2. Otherwise, we first show that n2 
√
n. For
if n2 >
√
n, then n3  n2 > n−√n, so n1 +n2 +n3 > 1+2(n−√n ) = 2n−2√n+1 > n,
a contradiction.
Let i be the maximal index such that ni 
√
n. Then using (1) we have
√
n < ni+1  ni(n2 − 1)√n
(√
n − 1)= n − √n.
Now take X to be an H -orbit of size ni+1. This completes the proof. 
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|G(X)| n.
Proof. Let GX = {g ∈ G: g(X) = X}. Then H  GX and thus |G(X)| = |G : GX| 
|G : H | = n. 
The lemmas above immediately yield the following.
Lemma 3. Let G  Sn (n  10) be a primitive subgroup which is not 2-transitive. Then
there exists a subset X ⊂ {1, . . . , n} such that √n |X| n − √n and |G(X)| n.
In particular, it follows that a group G satisfying the assumptions of the Theorem is
indeed 2-transitive.
We shall now use the detailed description of 2-transitive permutation groups, which is
partly classical, and partly follows from the classification of finite simple groups.
Stage 2. If G satisfies the assumptions of the Theorem then G is almost simple; namely,
there exists a non-abelian simple normal subgroup N of G such that N G Aut(N).
To show this, recall that by a theorem of Burnside (see for instance [4, Theorem 4.1B])
a 2-transitive group G has unique minimal subgroup N = Soc(G), and N is either ele-
mentary abelian and regular, or (non-abelian) simple and primitive. In the latter case G is
almost simple. So suppose N = Cpk . Then n = pk and G AGLk(p), the affine group in
dimension k over a field of p elements.
We derive a contradiction using the following.
Lemma 4. Let n = pk > 5 and G AGLk(p) a 2-transitive subgroup. Then there exists a
subset X ⊂ {1, . . . , n} such that √n |X| n − √n and |G(X)| 2n.
Proof. Assume first that k = 1. Since G is 2-transitive we have G = AGL1(p). Let X =
{a2: a ∈ Fp∗}. Then |X| = (p−1)/2 = (n−1)/2 is between √n and n−√n. Denote K =
{T ∈ AGL1(p): T (x) = b2x, x ∈ Fp,b ∈ Fp∗}. Then K(X) = X, and therefore GX K .
Hence
∣∣G(X)∣∣= |G : GX| |G : K| p(p − 1)
(p − 1)/2 = 2p = 2n.
Suppose now that k > 1. Let X be any subspace of V = Fpk of co-dimension 1. Then
n/2  |X| = pk−1 = n1−1/k √n. Furthermore, any Y ∈ G(X) is an affine subspace of
co-dimension 1 of V . Hence
∣∣G(X)∣∣ ppk − 1
p − 1 = p
n − 1
p − 1 = (n − 1)
p
p − 1  2(n − 1). 
It now follows that G is indeed almost simple; in the next stages we examine the possi-bilities for its simple socle, using the classification of finite simple groups and other tools.
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group.
Indeed, the 2-transitive representations of sporadic almost simple groups are known
(see, e.g., [2]), and they all have degree n 276.
We now reach the main part of our proof.
Stage 4. If G satisfies the assumptions of the Theorem then N = Soc(G) is not a group of
Lie type.
To show this we assume N is a simple group of Lie type, and derive a contradiction.
A theorem of Curtis, Kantor and Seitz [3] determines the 2-transitive actions of finite
Chevalley groups. Using this result, and assuming n > 276, we see that our group G must
be one of the following.
(i) PSL(d, q)G PΓ L(d, q), where d  3 and G acts in one of its usual 2-transitive
representations of degree n = (qd − 1)/(q − 1).
(ii) G = Sp(2d,2) in one of its usual 2-transitive representations of degree 2d−1(2d ± 1).
(iii) Soc(G) is one of the groups PSL(2, q), PSU(3, q), Sz(q) (q = 2k), 2G2(q) (q = 3k),
and the point-stabilizer H is a Borel subgroup.
For each of the groups G of types (i)–(iii) above we will show the existence of a subset
X of size between
√
n and n − √n such that |G(X)| < 2n2.
Type (i). Here G  PΓ L(d, q) = PGL(d, q).〈σ 〉, where q = pk and σ is a field auto-
morphism of order k. Let V = Fqd be the natural module. We may assume that G acts
on 1-dimensional subspaces of V . Let V0 be a subspace of V of dimension d − 1 which is
invariant under σ , and let X be the set of all 1-dimensional subspaces of V0. For a subspace
U of V denote by XU the set of all 1-dimensional subspaces of U . Then X = XV0 and for
g ∈ G we have g(X) = Xg(V0).
It follows that |PΓ L(d, q)(X)| = |{U ⊂ V | U is a subspace of V of dimension d − 1}|.
Hence |PΓ L(d, q)(X)| = (qd − 1)/(q − 1) = n and thus
∣∣G(X)∣∣ n.
Moreover, n = qd−1 + qd−2 + · · · + 1 and therefore
|X| = q
d−1 − 1
q − 1 = q
d−2 + · · · + 1 = n − 1
q
.
Since d  3 we have q < √n. It now follows that
√
n < |X| = n − 1
q
< n − √n.
Type (ii). Here G = Sp(2d,2).
Let V be the natural module for G and f a non-degenerate symplectic form on V
preserved by G. Then G acts on one of the two orbits of quadratic forms Q on V which
polarize to f , and a point stabilizer is an orthogonal group H = GO±(2d,2).
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have d  5. Let V1 ⊂ V be a non-degenerate subspace of co-dimension 2 in V of minus
type (non-maximal Witt index). Let K = StabG(V1) ∼= Sp(2d − 2,2) × Sp(2,2). We may
identify Ω with the space G/H of right cosets of H in G. Define X = HK/H . Then
|X| = |K|/|H ∩ K| = ∣∣Sp(2d − 2,2) × Sp(2,2) : GO−(2d − 2,2) × GO+(2,2)∣∣
= 2d−2(2d−1 − 1) · 3.
This easily yields
√
n |X| n − √n.
Now, since (HK)K = HK we clearly have GX K , and so
∣∣G(X)∣∣= |G : GX| |G : K| = ∣∣Sp(2d,2) : Sp(2d − 2,2) × Sp(2,2)∣∣= 2
2d−1(22d − 1)
6
.
It follows that
|G(X)|
n2
 2(2
d + 1)
6(2d − 1) 
11
31
,
since d  5, so |G(X)| 11n2/31.
The case where H = GO+(2d,2) is handled in a similar manner. In fact, here n =
2d−1(2d + 1) and K remains the same (up to isomorphism). Hence we have
∣∣G(X)∣∣ |G : K| = 22d−1(22d − 1)
6
<
n2
3
.
It remains to deal with groups of type (iii).
Type (iii)(1). Here
PSL(2, q)G PΓ L(2, q) = PGL(2, q).〈σ 〉,
where q = pk for some prime p, σ is a field automorphism of order k, and n = q + 1.
It is well known that the action of G on Ω is equivalent to the action of PΓ L(2, q) on
the projective line Fq ∪ {∞}, i.e.
(
a b
c d
)
x = ax + b
cx + d ,
and σ(x) = xp (we identify a matrix with its image in PGL(2, q)).
Suppose first that q is odd. Let X = {x2: x ∈ Fq}. Then
|X| = q + 1
2
= n
2
.To bound |G(X)| from above we may assume G = PΓ L(2, q).
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(
a 0
0 1
)
x2 = ax2 ∈ X
if and only if a is a square in F ∗q , and
(
0 b
1 0
)
x2 = b
x2
∈ X
if and only if b is a square in F ∗q . It follows that the size of the stabilizer GX of X in G is
at least (q − 1)k. We conclude that
∣∣G(X)∣∣= |G : GX| q(q − 1)(q + 1)k
(q − 1)k = q(q + 1) < n
2.
Now suppose q is even, q = 2k . Let X = {x + x2: x ∈ Fq}. Since x → x2 + x is an
F2-linear map from Fq to Fq whose kernel is F2 it follows that |X| = q/2 = (n − 1)/2.
To bound |G(X)| from above we may assume again G = PΓ L(2, q). Since σ(x2 + x) =
x4 + x2 we have σ(X) = X. Note that
(
1 b
0 1
)(
x2 + x)= x2 + x + b ∈ X
if and only if b ∈ X, and therefore the size of the stabilizer of X in G is at least qk/2. It
follows that
∣∣G(X)∣∣ q(q − 1)(q + 1)k
qk/2
= 2(q − 1)(q + 1) < 2n2.
To complete the proof in the remaining cases we assume n > 276 and let H < G be a
point-stabilizer. In each case below we will construct a certain subgroup K < G such that
H ∩ K = 1, √n |K| n
2
, and |G : K| < 2n2. (2)
Given such a subgroup K , we identify Ω with G/H , and let us define X = HK/H ⊂ Ω .
Then |X| = |HK|/|H | = |K| is as required. Furthermore, we have (HK)K = HK , and
so K GX , which yields |G(X)| |G : K| < 2n2. Thus X has the required properties.
We now turn to the construction of K in each case. For simplicity we focus on the
case where G is simple, and then comment on the minor adjustment needed for the almost
simple case.
Type (iii)(2). Here G = PSU(3, q), q = pk and n = q3 + 1. We have
q3(q2 − 1)(q3 + 1) q3(q2 − 1)|G| =
d
and |H | =
d
,
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non-trivial orbit of H it follows that |H : H ∩ Hg| = n − 1, and so
|H ∩ Hg| = |H |
n − 1 =
q2 − 1
d
.
Let U be a subgroup of H of size q3, let U0 be a subgroup of U of index p and let K = U0g .
Since H ∩K is contained in both Ug and H ∩Hg it follows that |H ∩K| divides both q3
and (q2 − 1)/d and therefore H ∩ K = 1. We also have |K| = q3/p = (n − 1)/p, and so√
n |K| n/2. Moreover,
|G : K| = (q
3 + 1)(q2 − 1)p
d
= n(q
2 − 1)p
d
 n(q
2 − 1)q
d
 n(n − q − 1)
d
< n2.
Hence K satisfies the conditions in (2).
Type (iii)(3). Here G = Sz(q) = 2B2(q), where q = 2k (k  3 is odd), and n = q2 + 1.
Then |G| = q2(q2 + 1)(q − 1) and |H | = q2(q − 1). Let g /∈ H . Then |H ∩ Hg| =
|H |/(n − 1) = q − 1. Let U be a subgroup of H of size q2, let U0 be a subgroup of
U of index 2 and let K = U0g . Since H ∩ K is contained in both Ug and H ∩ Hg it
follows that |H ∩ K| divides both q2 and q − 1 and therefore H ∩ K = 1. We also have
|K| = q2/2 = (n − 1)/2 so the conditions in (2) on the size of K are satisfied. Furthermore,
we have |G : K| = 2(q2 + 1)(q − 1) = 2n(√n − 1 − 1) < n2, as required.
Type (iii)(4). Here G = 2G2(q) where q = 3k (k  3) and n = q3 + 1. We have |G| =
q3(q3 + 1)(q − 1) and |H | = q3(q − 1). Let g /∈ H . Using arguments as above we see
that |H ∩ Hg| = q − 1. Let U be a subgroup of H of size q3, let U0 be a subgroup of
U of index 3 and let K = U0g . Since H ∩ K is contained in both Ug and H ∩ Hg it
follows that |H ∩ K| divides both q3 and q − 1 and therefore H ∩ K = 1. We also have
|K| = q3/3 = (n − 1)/3, so the conditions on |K| are satisfied. Finally,
|G : K| = q
3(q3 + 1)(q − 1)
q3/3
= 3(q3 + 1)(q − 1) < 3n((n − 1)1/3 − 1)< n2.
In cases (iii)(2)–(4) above, if G is only almost simple, let N = Soc(G). Working with
the simple group N instead of G, we construct a subset X ⊂ Ω as above. Then X has the
right size. We also have
∣∣G(X)∣∣ |G : N |∣∣N(X)∣∣ ∣∣Out(N)∣∣∣∣N(X)∣∣,
where Out(N) = Aut(N)/N . Using the above estimates on |N(X)| with the known small
values of |Out(N)| and the condition n > 276, it is easy to check that |G(X)| < 2n2.
In all cases we obtained a contradiction to the assumption that G satisfies the conditions
of the Theorem, thus proving that Soc(G) is not a group of Lie type.
Stage 5. If G satisfies the assumptions of the Theorem then G = An or Sn.
Combining the previous stages with the classification of finite simple groups it followsthat Soc(G) = Ak for some k, and so G = Ak or Sk . By the result of Maillet [6], the only
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and so we have k = n.
This completes the proof of the Theorem.
Using the well-known subgroup structure of PSL(2, q) it is easy to see that the lower
bound on |G(X)| in the Theorem must be a quadratic function of n, and so in this sense
the result is best possible.
Note that while our main result relies on the classification of finite simple groups, our
arguments give rise to the following elementary result, which is also of some interest.
Proposition. Let n 10 and let G Sn be a primitive subgroup. Then one of the following
holds:
(i) G is 2-transitive and almost simple.
(ii) There exists a subset X ⊂ {1, . . . , n} of size between √n and n − √n such that
|G(X)| 2n.
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